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bstract

ltrasonic pulse velocity testing (UPVT) was carried out to perform non-destructive quality control of refractory plates. Used in conjunction with
racture mechanics, ultrasonic velocity measurements have proved a powerful technique for detecting, positioning and sizing internal voids and
racks in the samples, originated from the manufacturing process. Two cordierite-mullite refractory compositions exhibiting different microstructure
nd crack propagation behaviour were characterized through their lifetime during which they were subjected to thermal shock loading. In this
aper, a new statistical method is proposed which allows to estimate the lifetime when the stress state that will be applied in service (loading) and
he scattering of the ultrasonic velocity data in the as-received state are known. Since this lifetime prediction method is based on a non-destructive

echnique, it could be implemented into a code in an automatic quality control device for continuous lifetime estimation. The correlation between
rack propagation behaviour and thermal shock resistance is discussed and semi-empirical models were developed to predict the service life of
efractory plates from the measured values of ultrasonic velocities on as-received samples.

 2011 Elsevier Ltd. All rights reserved.
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.  Introduction

A variety of strength-degrading flaws usually introduced
uring the initial stages of powder processing can lead to unac-
eptable low mechanical strength of high temperature ceramic
aterials. Impurities in the starting material components (pow-

er, sintering aids, binders) and agglomerates formed during
owder processing are two examples of strength-degrading
aws. Internal cracks not only limit the ultimate strength of these
aterials but also increase the variability of measured strength

alues giving rise to low reliability (low Weibull modulus). A
rimary objective of statistical fracture theories is to predict the
robability of failure of a component for an arbitrary stress state

hen the failure statistics is known. A new approach, entitled

Cumulative Flaw Length Theory (CFLT)”, has been developed
or the case of macroscopically homogeneous isotropic materials
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ontaining randomly oriented microcracks uniformly distributed
n locations under non uniform multiaxial stresses.1 The theory
stimates the failure probability based on the non-destructive
easurement of the velocity of propagation of ultrasonic waves

hrough the material. Ultrasonic testing can provide the informa-
ion required by fracture mechanic approaches, while fracture

echanics incorporates in turn the targets for the performance
f ultrasonics. An increasing number of recent investigations
as demonstrated the convenient use of ultrasonic velocity mea-
urements to assess fracture properties of ceramic materials.2–6

he complete description of the CFLT approach has been pre-
ented in a previous investigation.1 Comparing with existing
pproaches to failure probability estimation in ceramic mate-
ials, which are mainly based on data from destructive tests,
FLT presents the unique advantage that failure probability
ssessment is achieved from parameters determined by non-

1
estructive characterization. This fact could enable its use not
nly in the stage of materials design, but also to monitor the
xpected increase of failure probability during the materials ser-
ice life. In this novel approach, the function representing the

http://www.sciencedirect.com/science/journal/09552219
dx.doi.org/10.1016/j.jeurceramsoc.2011.11.042
mailto:maria.cannio@unimore.it
dx.doi.org/10.1016/j.jeurceramsoc.2011.11.042
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Nomenclature

CFLT Cumulative Flaw Length Theory
CN chevron notch technique
Fmax maximum load
ith path of the ultrasonic wave
KIC fracture toughness
L length of the path
LPT lifetime prediction time
NV(σ) the crack density function
Nv(λ) as the relative frequency
NDE, NDT non-destructive evaluation
(�Pf)i probability of failure
Pf failure probability
Ps survival probability∑

i

(�Pf )
i

risk of failure

(�Ps)i =  1 −  (�Pf )
i

survival probability
Y∗

min geometrical compliance function
u ultrasonic velocity
UPVT ultrasonic pulse velocity testing
λ cumulative flaw length
λ1 mode value of cumulative flaw length
Ω(Σ, λ) solid angle
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resistance to crack initiation and crack propagation in refractory
σ flexural strength

umber of cracks per unit volume is estimated from histograms
f ultrasonic velocity measurements.1,7 This function is used
ithout additional assumptions to determine the probability of

racture under arbitrary stress conditions.
Thus, CFLT enables determination of the flaw density func-

ion and the failure probability based on the measurement of
ltrasonic velocity in ceramic materials. In the present study, a
ew approach is proposed that, based on the results obtained
rom CFLT for as-received samples, allows the lifetime estima-
ion of a component when the stress state in service and the
cattering of the ultrasonic velocity values in as-received state
re known. In thermally shocked refractory materials, this the-
ry is proposed as a method to determine the number of thermal
hock cycles that the materials can withstand without com-
lete failure. Two different cordierite-mullite high temperature
eramic materials were characterized to provide experimental
vidence in support of the theoretical predictions. Empirical
odels of service life were obtained counting the number of

ndustrial thermal cycles performed by a statistically significant
umber of specimens. The good correlation obtained between
heoretical curves of lifetime prediction and the empirical curves
etermined from experimental data seems to confirm the robust-
ess of the proposed methodology.

.1. Ultrasonic  propagation  and  CFLT
In the case of the refractory materials here investigated, the
ltrasonic velocity varies from 2000 to 3000 m/s in the as-
eceived state.7 In the presence of cracks, the ultrasonic waves

m
m
d
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enerated by the transmitter transducer cross the boundary of the
rack reaching the receiving transducer while the waves cross-
ng the crack travelling through the air undergo a remarkable
ecrease of amplitude and a delay in time leading to a final loss
f signal. For these reasons, thermally shocked materials show

 significant decrease of ultrasonic velocity values, since the
ltrasonic waves must contour the cracks before reaching the
eceiving transducer (in the case of the materials here investi-
ated, after 400 thermal shock cycles, the ultrasonic velocity is
lose to 1000 m/s).7 Hence ultrasound can be considered sensi-
ive to detect the onset of cracks ranging from about 500 �m and
ts further development when materials are subjected to exter-
al stresses. These simple physical phenomena occurring in an
PVT measurement have been widely reported in literature5

nd represent the base of our hypothesis to build a mathematical
odel, linking crack lengths to ultrasonic velocity.

.2. Fracture  mechanics  and  CFLT

The application of linear fracture mechanics (LEFM) mod-
ls to the ceramic materials here studied is questionable because
he materials are not monolithic ceramics, but highly heteroge-
eous refractory materials with remarkable r-curve behaviour,
s extensively demonstrated in literature.8–12 Furthermore the
egradation of the materials is generated from thermal stresses
not mechanical loading) as the samples are subjected to the
hermal shocks of the fast firing cycles. The materials are
ested under real service life conditions, e.g. cracks propagate

acroscopically due to thermal stresses under thermal shock
onditions. In practice, the materials fail due to thermal fatigue
fter a limited number of cycles. To predict this failure behaviour,
t is generally not possible to use linear elastic fracture mechan-
cs due to the fact that the coarse grained, porous material shows

 dissipative mechanical behaviour. In this investigation, actual
ndustrial samples of large dimensions (540 mm × 120 mm) are
onsidered, hence the “size effect” is relevant, as extensively
emonstrated in literature.13

The study of refractory structures over the past twenty years
as shown that refractory material behaviour is highly non-linear
ith time and temperature.8–12 This is due to the formation of

 so-called “fracture process zone” in the wake of the crack
ip. In this fracture process zone the crack faces are not com-
letely stress free as assumed in the LEFM theory, but still have
ome interaction due to the bridging and sliding of grains in this
egion. The size of the process zone, compared with the size
f the structure, determines the influence of the process zone
n the overall mechanical properties. For quasi-brittle materi-
ls, the size of the process zone is relatively large and cannot
e neglected. These materials show a macroscopic quasi-brittle
ailure behaviour due to the additional energy dissipation in the
rocess zone. The transition from brittle to quasi-brittle failure
ehaviour is a combined structural and material process.

Hasselman14 established the first approach to determine the
aterials almost 40 years ago. In case of highly heterogeneous
aterials (not monolithic) considered in this study, the lifetime

oes not depend on the resistance to crack initiation but on the
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esistance of crack propagation, as determined by Hassemann’s
arameter Rst.14 It is well known in refractory industry that a
efractory material with early crack initiation most of the times
hows delayed crack propagation.7 The failure of refractory
lates considered in this study is due to a one single macroscopic
rack propagating in the transversal direction of the plates. In this
ontext, the application of LEFM models to study this macro-
copic crack (larger than 0.5 mm) in heterogeneous materials
ith remarkable r-curve behaviour is not viable. Relevant results
ave been achieved and verified with experimental data from the
etermination of the macroscopic crack length using ultrasonic
elocity testing.7 The cumulative flaw length value calculated by
q. (11) is a close form function that approaches the real critical
rack length value as the crack length increases (the one single
acroscopic crack propagating in the transversal direction of

he plates).
The lifetime can be monitored studying the crack growth

the characteristic S-curve of the materials). The length of this
acroscopic critical crack and its growth with increasing ther-
al shock cycles (lifetime) can be easily monitored by ultrasonic

ulse velocity testing (UPVT). UPVT has a long tradition of
pplication in refractory industry. The present study provides
he theoretical background to calculate from ultrasonic velocity
ata the dimension of the macroscopic critical crack length and
rom its velocity of propagation (under real time testing) the
ifetime of the material. Once an statistically relevant number
f samples has been tested and recorded (100 in this case), it is
ossible to build a model to predict lifetime of samples of the
ame material in the as-received state and that will be applied
nder the same service life conditions.

. Description  of  the  theoretical  approach

.1.  Determination  of  failure  probability

Let (�Pf)i be the probability of failure at some point of the
th path of the ultrasonic wave through the material.

Let

�Ps)i =  1 −  (�Pf )
i

(1)

e the corresponding survival probability, where Pf and Ps are
he failure and the survival probability, respectively. Thus Ps can
e written as:

s =
∏

i

(�Ps)i =
∏

i

(1 −  (�Pf )
i
) ∼=

∏
i

e−(�Pf )
i (2)

s =  e(−
∑

i
(�Pf )

i
) (3)

here
∑

i(�Pf )
i

can be regarded as the measurement of the
isk of failure.

The potential causes of fracture are the cumulative lengths
f flaws along the path, where a path of length L  can be defined
s the distance travelled through the material by the ultrasonic

ave between the two piezoelectric sensors. Thus it is possible

o associate a cumulative  length  of  flaws  to each path. The eval-
ation of such length for each line path can be experimentally
erformed by measuring the ultrasonic propagation velocity.

λ

n Ceramic Society 32 (2012) 1175–1186 1177

We define Nv(λ) as the relative frequency of paths with cumu-
ative length of flaws less than or equal to λ, per unit of volume,
here λ  is the cumulative flaw length.
The function representing the number of cracks per unit

olume is estimated based on the histograms of ultrasonic veloc-
ty measurements.1 This function is used without additional
ssumptions to determine the probability of fracture under an
rbitrary stress condition. In other words, Nv(λ) determines a
robability distribution. Then the probability for a flaw to have

 cumulative length in [λ,λ  + dλ] is:

V ·  N ′
V (λ)dλ  =  �V  · dNV (λ)

dλ
dλ (4)

If Σ  denotes the applied stress, we can also consider the solid
ngle Ω(Σ, λ) which is determined by directions along which
he stress causes fracture due to flaws of length λ  or higher,
ccording to corresponding fracture mechanics criteria.15,16

Then the probability that a path in volume �V  has a cumu-
ative flaw length in the range [λ,λ  + dλ] with stress orientation
n Ω(Σ, λ) is:

V  ·  N ′
V (λ)dλ  · Ω(Σ,  λ)

4π
(5)

The probability that at least one failure event will occur along
 path with cumulative flaw length λ1 will be:

f =
∫

dV

∫ +∞

λ1

dNV (λ)

dλ
dλ  · Ω(Σ,  λ)

4π
(6)

here λ1 is the mode value.
Then the survival probability, Ps, for the length ≥  λ1 can be

ritten as:

s =  exp

[
−

∫
dV

∫ +∞

λ1

dNV (λ)

dλ
dλ  · Ω(Σ,  λ)

4π

]
(7)

r equivalently, the failure probability in paths with cumulative
aw length ≥  λ1 is:

f =  1 −  exp

[
−

∫
dV

∫ +∞

λ1

dNV (λ)

dλ
dλ  · Ω(Σ,  λ)

4π

]
(8)

From the experiments of ultrasonic velocity measurement, if
elocities v  are measured along a linear path of length L, then
he corresponding cumulative flaw length (λ) is given by:

 =  λ(v) =  L
(v0

v
−  1

)
(9)

here v0 is the maximum value of velocity in the measured
ample. Indeed, if v0 =  L/t0 (i.e. t0 is the shortest transit time)
hen the generic velocity can be written as v =  L/t(v); hence
(v) =  L/v  and

0 = L +  λ

t(v)
= L +  λ

L/v
(10)
Finally λ can be written as:

 =  v0t(v) −  L  =  v0
L

v
−  L  =  L

(v0

v
−  1

)
(11)
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Table 1
Chemical composition of the investigated AR002 and CONC refractory plates.

Sample SiO2 Al2O3 CaO MgO Na2O K2O Fe2O3 TiO2 Others Total

A .32 

C .00 
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The performance of the refractory plates was tested on-duty
in industrial whiteware kilns following the thermal treatment

Table 2
Physical, thermal and mechanical properties of the as-received AR002 and
CONC refractory materials.7

Parameter AR002 CONC

Bulk density, ρ (g/cm3)a 2.08 1.91
Thermal expansion coefficient, α

(25–1250 ◦C) (K−1 × 10−6)
3.06 2.49

Apparent porosity (%) 24 28
Young’s modulus, E, Impulse Excitation
Technique (I.E.T.) (GPa)

21.5 15.7

Poisson’s ratio, μ, Impulse Excitation
Technique (I.E.T.)

0.16 0.16

Three point bending strength, σ (MPa) 26 22
R002 44.32 42.47 0.38 5.58 0
ONC 46.86 37.91 0.00 7.89 0

.2.  Lifetime  prediction  theory  (LPT)

In thermally shocked materials, the lifetime is quantified by
he number of thermal shocks that a component can survive with-
ut failure. Given the number of thermal cycles (i.e. lifetime) as

 function of the cumulative flaw length, n  = n(λ), and the prob-
bility density f(λ) obtained experimentally for an as-received
omponent by the ultrasonic velocity method, the expected value
f the lifetime of such a material is:

(n) =
∫ +∞

0
n(λ)f  (λ)dλ  (12)

The variance and standard deviation of this value are:

ar(n) =
∫ +∞

0
(n(λ) −  E(n))2f  (λ)dλ (13)

D =
√

Var(n) (14)

espectively.
Such parameters can be estimated by means of the following

pproach.
First, we single out short subintervals [λi−1, λi] whose union

s the whole range of the lengths according to:

0, λmax] =
K⋃

i=1

[λi−1,  λi] (15)

with corresponding mean number of cycles n1, . .  ., nK. These
ean numbers n1, .  . ., nK can be determined from a representa-

ive number of components (observed units) of the same material
n as-received state.

Each number of cycles ni is then weighted by means of the
orresponding relative frequency fi of the flaw lengths belonging
o [λi−1, λi], i.e. the number of measured values of λ  in the
nterval [λi−1, λi] divided by the λ  sample dimension. Therefore
he sample mean, the sample variance and the standard deviation
re:

¯  =
K∑

i=1

nifi (16)

ar(n) =  SD2 =
K∑

(ni −  n̄)2f  (λ̄i) (17)

i=1

D =
√

Var(n),  respectively. (18)

F

d

0.74 1.42 0.45 4.32 100.00
0.58 1.38 0.61 4.77 100.00

.  Experimental

.1.  Samples  and  test  method

One hundred plates of two refractory materials,
abelled AR002 and CONC, with identical dimensions
520 mm × 340 mm ×  12 mm) were investigated. Table 1
eports the chemical composition of the AR002 and CONC
lates (in wt%) obtained by ICP analysis (Varian, Liberty
00), while Table 2 summarizes the basic properties of these
aterials, as measured in previous studies.7

.2.  Ultrasonic  pulse  velocity  (UPVT)  measurements

For each refractory plate, measurements of ultrasonic pulse
elocity through the length and thickness on direct transmission
isposition were performed. A commercial ultrasonic testing
nstrument of transmission type (PUNDIT plus  PC1006, CNS
arnell Ltd., Hertfordshire, England) was used to evaluate each
efractory sample. The instrument consists of a pulse generator
nd a timing circuit coupled to two transducers (220 kHz) that
ere positioned manually at opposite ends (in through thickness
irection of 12 mm dimension and in longitudinal direction of
20 mm dimension) of each test plate. Each transducer had a
.6 mm thick rubber tip to overcome measurement problems due
o the roughness of the refractory surface. Each test was run at
east 5 times to determine the ultrasonic velocity with sufficient
tatistical relevance. The measurements were performed on the
ame batch of refractory plates in the as-received condition.

.3. Thermal  shock  experiments
racture toughness, KIC (MPam1/2) 0.50 0.42

a GeoPyc 1360 Micromeritics, Norcross, GA 30093-1877, USA (repro-
ucibility ±1.1%).
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aterials.

mployed in fast firing cycles (maximum temperature between
250 and 1275 ◦C). The term “thermal shock” is used throughout
he text in agreement with the literature on refractory materi-
ls. Hence, the number of thermal shock experiments hereafter
onsidered corresponds to the number of fast firing cycles car-
ied out on the refractory plates. In total 100 refractory plates of
ach composition were marked and followed during all their ser-
ice life. In many refractory plates, even if cracks were already
isible after few thermal cycles, the propagation through the
ransversal direction of the plates occurred in relatively slow

ode (particularly evident for CONC material7).

.4. Fracture  toughness  determination

Fracture toughness data of selected samples before and
fter industrial thermal cycles were obtained by the chevron
otch (CN) technique at room temperature. The specimen
eometry employed in this test was a bar with dimensions

 = 4 mm, B  = 3 mm, l = 22 mm, where W  = thickness, B  = width
nd l = length, respectively. Chevron notches with angles of 90◦
ere cut using a thin diamond wheel. The specimens were

oaded in three-point bending configuration with rollers span of
6 mm at a constant cross-head speed of 0.01 mm/min. Graphs of
oad versus deflection were recorded and the fracture toughness
as calculated from the maximum load (Fmax) and the corre-

ponding minimum value of geometrical compliance function
Y∗

min) using the following equation7:

lc = Fmax
Y∗ (19)
BW1/2 min

The calculation of the function Y∗
min for chevron notched

ending bars was based on Bluhm’s slice model,17 as reported
lsewhere.7 The chevron-notch depth (a0) was measured from
ptical micrographs of fractured specimens.

F
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.  Results

.1.  Relation  between  as-received  ultrasonic  velocity
alues and  number  of  thermal  shock  cycles

Fig. 1a and b shows the average number of thermal cycles
N), considered in this study as a quantitative measure of the
aterials service life, as function of ultrasonic velocity (v)

alues measured on the plates in the as-received condition (fol-
owing the length path of the refractory plates) for CONC and
R002 materials, respectively. Error bars showing minimal and
aximal measured values are also reported. In both materials,

t is evident that service life of the refractory plates, measured
s the number of cycles that the materials can withstand without
racture, increases with increasing values of ultrasonic velocity.
200 40 60 80 100 120
(mm)

ig. 2. Crack length values determined by CFLT as function of the service life of
he refractory materials, for ultrasonic velocity values measured in as-received
tate through thickness (A) for (a) CONC and (b) AR002 materials, and through
he length (B) for (a) CONC and (b) AR002 materials.
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ig. 3. Comparison between real and predicted by LPT method lifetime values
or AR002 material.

ossible to calculate the critical flaw length from these material
haracteristic curves (Fig. 3, Section 4.3).

.2. Prediction  of  service  life:  case  study  of  LPT

LPT was applied for the same lot of samples, i.e. AR002 and
ONC refractory materials following the statements explained

n Section 2.2. For lifetime prediction, firstly the paths (λi)
orresponding to ultrasonic velocity values of a representative
umber of components (observed units) of the same material
n as-received state must be calculated using Eq. (11). In other
ords, the curves reported in Fig. 1 representing number of ther-
al shock cycles (N) against ultrasonic velocity measured in the
s-received state are transformed in N  versus flaw length curves
λ) by applying Eq. (11). Table 3 reports an example of applica-
ion of this approach, where the frequency and relative frequency
f number of cycles for a representative number of samples of

able 3
xample of LPT method for prediction of the service life of ceramic components.

umulative flaw length
alculated from ultrasonic
elocity

Fi and fi of ni for a representative number of sa
material in the range [λi−1, λi]

λi−1, λi] Fi fi

0, 0.25] 5 0.056 

0.25, 0.75] 8 0.089 

0.75, 1.25] 10 0.112 

1.25, 1.75] 29 0.325 

1.75, 2.25] 32 0.359 

2.25, 2.75] 4 0.045 

2.75, 3.25] 1 0.011 

redicted lifetime of the new
omponent n̄ =

∑K

i=1nifi

– – 
n Ceramic Society 32 (2012) 1175–1186

he same material (ni) falling into the [λi−1, λi] subinterval are
isted in columns 2 and 3. Moreover the mean value of the num-
er of cycles for each subinterval is reported in column 4, and
nally, the relative frequencies of cumulative flaw lengths cal-
ulated by Eq. (11) from the ultrasonic velocity values obtained
fter careful screening measurements of the new component are
ncluded in column 5.

For understanding of the methodology, we include the
etailed description of the approach, as follows.

The theoretical approach explained in Section 2.2 should be
ollowed in this order:

a) Divide the interval [0, λmax] into short subintervals of paths
[λi−1, λi] (column 1 of Table 3).

b) For each of these subintervals calculate the mean number
of cycles n1, . .  ., nK, together with the relative frequen-
cies for a representative number of components (observed
units) of the same material in as-received state. In the case
studied here, 50 refractory samples of both compositions,
AR002 and CONC, were marked and monitored during all
their service lives. The results of the mean values of num-
ber of cycles ni against the cumulative flaw lengths (λ) are
shown in Fig. 2B, defining an S-like curve which could be
the characteristic lifetime trend of refractory materials when
subjected to thermal shock conditions (i.e. column 2, 3 and
4 of Table 3). Moreover it is suggested that this S-like curve
could represent a characteristic materials curve, giving infor-
mation for fracture mechanics studies, as discussed further
below (Section 5.1).

c) Once this S-like curve is defined for a specific material

(cordierite-mullite refractory plates in our case), the life-
time of for a new component of the same material, with the
same geometry and that will work under the same service
life conditions, can be predicted, as follows.

mples of the same Mean number of
cycles in the [λi−1,
λi] subinterval

fi of λi for a new
component in the
range [ni−1, ni]

ni fi

300 0.04

156.66 0.07

450 0.13

258 0.0324

261 0.359

353 0.045

120 0.011

– 200.72
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The same short subintervals of paths [λi−1, λi] singled
out previously are weighted by means of the corresponding
relative frequency fi of the flaw lengths belonging to [λi−1,
λi], i.e. the number of measured values of λ  in the inter-
val [λi−1, λi] divided by the λ  sample dimension (column
5 of Table 3). Therefore the sample mean lifetime can be
calculated using Eq. (16).

A new lot of fifty plates of AR002 and fifty
plates of CONC material with identical dimensions
(520 mm ×  340 mm ×  12 mm) were marked and monitored
during all their service lives to validate the model. For each
refractory plate, measurements of ultrasonic pulse velocity
through the length and thickness in as-received state were
performed. Fig. 3 shows the predicted mean lifetime val-
ues for ultrasonic velocity data measured through the length
for AR002 material and the points representing the real
lifetimes of this second lot of 50 samples used to validate

the approach. Thus the real lifetime of these new 50 sam-
ples (dots) and the predicted mean lifetime (curve) can be
compared in Fig. 3. The predicted mean lifetime values have

i
s
m

Fig. 4. Most detrimental flaw geometries: (a) surface flaw; (b) inner flaw
n Ceramic Society 32 (2012) 1175–1186 1181

been theoretically determined by applying the LPT approach
as explained above. It is clear that even if significant differ-
ences exist between the absolute values of predicted lifetime
with the real values, after 250 thermal shock cycles, from
17 broken samples, 16 samples belong to the lot of samples
marked as critical before thermally shocking them, since
they had λ  values higher than critical (λ  critical = 50.66 mm).
The determination of these critical values is shown in the
next section.

.3. Assessment  of  the  goodness  of  fitting  between  the
emi-empirical theoretical  model  and  experimental  data

Kolmogorov–Smirnov (K–S) and T-tests with the calculation
f the relative error have been used to validate the “goodness”
f fitting of the model with the experimental data.
The comparison between the theoretical model and exper-
mental data is reported in Fig. 3 for AR002 material. The
igmoidal curve was derived from a polynomial fitting of the
ean values obtained as explained in Section 2.2 and also in

, (c) diagram representing the flaw sizes for the applied stresses.
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ig. 5. q–q-plot of the differences Yi = yi − g(xi), i = 1, 2, . . ., 50 suggesting
 normal distribution obtained in R environment (http://cran.r-project.org/) for
R002 material.

ection 4.2(a) and (b). The mathematical equation (20) rep-
esents our base semi-empirical theoretical model for the
alculation of mean lifetimes for the new components (of course,
f the same material that will work under same service life
onditions)

 =  g(x) = 0.0011 ∗  X3 −  0.1672 ∗  X2 +  1.7805 ∗  X

+503.54 (20)

To verify the goodness of fit, another lot of 50 specimens was
onsidered: {(x  i,y  i), i = 1, . .  ., 50}.

The differences

i =  yi −  g(xi),  i  =  1,  2,  .  . .  ,  50

between the y  values of experimental data and the model
ere calculated. These differences can be supposed normally
istributed, as it appears quite realistic from a usual q–q-
lot, obtained by R  environment (http://cran.r-project.org/) and
eported in Fig. 5.

Moreover, such a normality hypothesis (in statistics, the null
ypothesis Ho) is successfully tested by a Kolmogorov–Smirnov
ormal test. The tests was performed in R  environment
http://cran.r-project.org/), obtaining a p-value = 0.6418.

Notice that here the null hypothesis is normality and it would
e rejected if p  < 0.05; for p = 0.64 the normality holds quite true.

Once normality has been confirmed, a usual t-test on the
ifferences Yi = yi - g(xi) has been performed to determine the
oodness of the curve fitting (now the Ho hypothesis is μ  = 0).
n this case, a p-value = 0.3472 is obtained, with a 0, 95% confi-
ence interval: [−30.15134, 10.81170] and a mean: −9.66982.

First it turns out that the null hypothesis is not rejected, since
 = 0.34 is greater than 0.05. Moreover the confidence interval
f such a mean is [−30.15, 10.81]. This is a fairly strong con-

rmation of the goodness of the curve since mean lifetime is
redicted by the model y = g(x) with an absolute error of at most
0 cycles. Notice that it corresponds to a relative error of about
%.
n Ceramic Society 32 (2012) 1175–1186

An estimate of the critical length below and above which a
ransition can be thought of, is the deflection point of the sig-

oidal curve reported in Fig. 3. If the generic curve model is
 = g(x) = a * x3 + b * x2 + c  * x  + d, hence the deflection point is
 = −b/(3a) = 50.66 mm.

Let us select the lengths below 50.66 and perform a t-test on
he mean of corresponding number of cycles. The 95% confi-
ence interval in this case is [392.6741, 458.5673], with of mean
f 425.6207. It is important to see the confidence interval of the
ean: if the length is less than the critical length, the correspond-

ng number of cycles is, in mean, greater than 392.67 and lower
han 458.5673 with probability 95%.

Then selecting the lengths above 50.66 we obtain a 95% con-
dence interval of [139.3260, 225.1740] with a mean of 182.25
ycles. Therefore, if the path length is greater than the criti-
al length, the lifetime is, in mean, between 139.32 and 225.17
umber of cycles (with probability 95%).

The results obtained put in evidence that there is a sufficiently
ood fitting between absolute values predicted by the model
nd the real ones bearing in mind that the approach is used to
stimate lifetime from parameters measured in as-received state
the relative error varies from 10 to 30%).

However, beyond the importance of this later statistical char-
cterization of the model, the goodness of the approach can be
ppreciated considering Fig. 3. Let us consider a critical λ  value
50.66 mm) that corresponds to the deflection point of the sig-
oidal curve calculated. If we choose the samples having λ

alues higher than the critical λ  as more prone to failure, we can
ee that even if significant differences exist between the abso-
ute values of predicted lifetime with the real values, once the
amples have performed 250 cycles of thermal treatment, from
he 17 marked samples, 16 were broken.

. Discussion

.1.  Determination  of  critical  flaw  from  CFLT

When Eq. (8) of CFLT is used for the assessment of fail-
re probability, the calculated λ value indicates a cumulative
alue representing the summation of all the small flaws that the
ltrasonic wave finds along its path. However, to obtain real flaw
izes from ultrasonic velocity data obtained by UPVT technique,
ome considerations are necessary, as follows:

 λ  represents in Eq. (8) a cumulative flaw value because the
ultrasonic velocity considered as (v0) in the equation is equal
to a maximum value.

 In the case of ultrasonic velocity measured through the
length of the refractory plates, it could be considered that the
cumulative flaw values (λ) obtained from Eq. (11) are very
close to the values of real flaw sizes (areal). These real flaw
sizes correspond to the macroscopic flaw propagating in the
transversal direction of the refractory plates (which lead them

to fracture). Macro-cracking in these materials under thermal
shock is a single phenomenon observed only in the transversal
direction and mostly attributable to one single crack.7 The
higher is the real flaw size, the higher is the convergence

http://cran.r-project.org/
http://cran.r-project.org/
http://cran.r-project.org/
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to the theoretical cumulative value represented by (λ) and
calculated by Eq. (11) of CFLT, according to Eq. (21):

λ =  L
(v0

v
−  1

) ∼= areal (21)

 However, to obtain microscopical real flaw sizes by CFLT
using ultrasonic velocities measured through the thickness of
the plates,7 some previous considerations are required: the
correct v0 value in Eq. (11) should be the mode value (vmode)
of ultrasonic velocity data (instead of the maximum value as
in the case of ultrasonic velocity measured through the length
of the refractory plates). It could be considered that vmode
corresponds to a representative ultrasonic velocity through
the material, and hence it is possible to assign a nil value to the
corresponding cumulative value (λ1). Therefore the difference
between generic v  values and vmode (or respective λ  and λ1 val-
ues) represents flaw lengths beyond the mean value and hence
critical flaw sizes. Hence the equation given the microscopical
real flaw sizes by CFLT using ultrasonic velocities measured
through the thickness of the plates is presented below:

λ =  L
(vmode

v
−  1

) ∼= areal (22)

As mentioned in Section 4.1 and discussed in detail
lsewhere,7 it can be hypothesised that the S-like curves of
ig. 1a and b represent the crack-growth rate as function of

he initial length of the most critical crack present in the as-
eceived material in the transversal direction. The remarkable
imilarity between the functions proposed by Baratta, Green and
vans18–21 describing the normalized stress-intensity factor as

 function of the crack length to void radius ratio with the S-like
urves of as-received ultrasonic velocity data against number of
ndustrial thermal cycles in this study (Fig. 1a and b) suggests
he potential use of CFLT and LPT approaches, which are based
n ultrasonic velocity measurement, as a convenient quantitative
ool for fracture mechanics studies, as discuss in detail in a pre-
ious work.7 Briefly, toughening mechanisms acting in different
efractory materials have been reported by several authors, for
xample by Baker et al.22 In particular crack tip blunting and
iscoelastic bridging have been observed in cordierite-mullite
aterials as discussed elsewhere.7 Toughened ceramics are char-

cterized by a crack-growth resistance curve (R-curve) rather
han by a single-value fracture toughness. The resistance to crack
rowth in such materials increases as the length of the cracks
ncreases. It can be expected that the efficiency of viscoelastic
ridging in silicate-based systems, such as the present refractory
lates, can influence the linearity between stress intensity fac-
or and crack growth rate and hence affect the characteristics of
he S-like curve giving the correlation between the as-received
ltrasonic velocity (or corresponding flaw lengths if Eq. (11) is
pplied) and the number of industrial thermal cycles (Fig. 1a and
). Assuming this fact as valid, it is possible to infer three dif-
erent stages of crack-growth rate (Fig. 2), being lower for small

nd long cracks than for cracks of medium length, which could
ndicate an R-curve behaviour of the investigated materials, as
iscussed elsewhere.7 When the defect present in the material is
onger than the critical length, which leads to a critical ultrasound

s
t
t
s

n Ceramic Society 32 (2012) 1175–1186 1183

elocity vc, as labelled in Fig. 1a and b and λc in Fig. 2c and
, the crack will propagate faster and as a logical consequence
he service life of the materials will be short. Therefore, from
he manufacturer point of view, it is more convenient to have

 higher number of sub-critical cracks initially rather than just
ne large crack exceeding the critical length, as expected. The
act that CONC material presents a lower vc value than AR002
aterial (Fig. 1) indicates that the CONC material is able to
ithstand the propagation of a larger initial critical crack. This in

urn shows that the microstructure of the CONC refractory mate-
ial should activate toughening mechanisms able to counteract
uring service life the effect of large manufacturing defects.

Further investigations of the ultrasonic velocity and fracture
oughness correlation as well as high temperature mechanical
atigue studies of the refractory materials are being carried out
o confirm this assumption. If this approach is valid, it will be
ossible to have a predictive tool of the complete refractory
ervice life just by performing accurate measurements of the
ltrasonic velocity in the as-fabricated samples, as proposed in
his study.

.2. Microscopical  critical  flaw  size  by  CFLT  and  fracture
echanics: verification  of  the  proposed  method

.2.1. Microscopical  critical  flaw  size  by  CFLT  and  LPT
Fig. 2A shows the crack length determined by CFLT as func-

ion of the service life for the AR002 and CONC refractory
aterials, for ultrasonic velocity values measured through the

hickness. For the assessment of flaw distribution all velocities
 available along the linear thickness path were considered and
 = vmode was used in Eq. (11). These critical flaw sizes are closed
o the average values of chamotte grain dimensions (chamotte is
he inert phase present in the microstructure7). The increasing
rend of service life up to a flaw size length close to the chamotte
rains length is in agreement with literature findings,23 which
howed that microcracking below the chamotte grain dimension
ould be helpful to improve thermal shock resistance. The crit-
cal flaw size was established at the λ  mode value, since longer
racks decrease the service life. Hence, the critical flaw length
alues are λc = 460 �m and λc = 300 �m for AR002 and CONC
aterials, respectively. It is worthwhile mentioning the good

greement between these values obtained from CFLT and the
verage flaw length determined from Image Analysis. Moreover,
he fact that CONC presents a lower critical flaw size explains
he early crack initiation in this material1,7 as indicated also by
he lower Hasselman’s parameter “R”, calculated in previous
orks.7

.2.2.  Microscopical  critical  flaw  size  determination  by
hevron  notched  (CN)  specimen  technique

For exact determination of the critical flaw size it is neces-

ary to know the acting (external) load or the applied stress in
he location of the flaw. If this stress is unknown it is possible
o develop diagrams showing dependence of the critical flaw
ize acrit on the applied stress σ  for different levels of fracture
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oughness KIC, i.e. for the critical condition of catastrophic frac-
ure. Considering Eq. (23) based on Griffith-Irwin’s work:

IC =  σβ
√

acπ  (23)

here ac is a critical crack length, β  is a geometrical parameter
β = 1 for a crack centred in an infinite plate; β  = 1.12 for a crack
t the edge of the plate) and σ  is the tensile strength (0.6σf), a
iagram has been plotted for the two most typical flaw config-
rations, surface flaw and internal flaw (see Fig. 4). The most
etrimental flaw geometries are shown schematically in Fig. 4a
nd b and for these two configurations and flaw geometries the
iagrams representing the flaw sizes as function of the applied
tresses are shown in Fig. 4c.

As an example, the applied stress corresponding to the flexu-
al strength level can be selected. For the investigated composites
his stress can be taken as ∼20 MPa.23 For this level of applied
tress and for fracture toughness corresponding to 0.3 MPam1/2

e.g. CONC material) the critical flaw size is 89 �m in case
f surface flaw and 102 �m in case of inner flaw. For the
ame applied stress and fracture toughness of 0.4 MPam1/2 (e.g.
R002 material) the critical size of the surface flaw is 153 �m
hereas the inner flaw may have the size of 185 �m.
The values of critical crack length are controlled by the value

f fracture toughness. This means that the lower the fracture
oughness the smaller the critical crack length (at the same
pplied stress). The diagrams are independent of the material. It
s possible to estimate for a given level of applied stress (hori-
ontal axis) the critical crack length (vertical axis) applying the
nown value of fracture toughness (corresponding curve from
he diagram).

However, there is the remaining uncertainty regarding which
alue of applied stress should be used. This should follow from
he estimation of the component loading taking into account
he geometry, real forces acting on the component, etc. Table 4
hows data of critical flaw size, supposing a surface crack (more
etrimental case). The first set of values are calculated for a stress
orresponding to the critical fracture condition for the bending
trength test. The other set is calculated for about half of this
tress, i.e. for a stress of 10 MPa acting on the flaw. The second
ase appears to be more realistic for the service condition. The

asic relation of flaw sizes for CONC and AR002 materials is
he same, however AR002 appears to behave slightly better com-
ared to CONC in the initial state (ac = 291 �m and 461 �m for
ONC and AR002 specimens, respectively, see Table 4). The

p
c
C
T

able 4
ata of critical flaw size, assuming a surface crack (more detrimental case Fig. 4a) fo

CONC 

Lowest value of acrit (�m) Mean val

or the applied load of 20 MPa
about flexural stress level)
nitial state 75 119 

tate after 30 thermal shocks 39 46 

or the applied load of 10 MPa
nitial state 291 461 

tate after 30 thermal shocks 161 196 
n Ceramic Society 32 (2012) 1175–1186

icroscopical critical flaw size values obtained from Cumulative
law Length Theory were 300–320 �m for CONC and 450 �m
or AR002 material. They represent the initial condition for the
rack. This result appears to be in very good correlation with
he minimum values generated by fracture toughness determi-
ation and the critical flaw sizes calculated for the local stress of
0 MPa, which can be considered close to an effective strength
alue (σe) (strength in service) of 60% of the nominal fracture
trength.

The lower value of critical flaw size of CONC material
btained from CFLT (from the ultrasonic velocity histogram)
as confirmed by the critical flaw size values obtained from the
estructive test (KIC measurement by chevron notched spec-
men technique) and from image analysis. This explains the
act that CONC components present an early crack initiation
n comparison to AR002 material (lower value of critical flaw
ize).

.3. Macroscopic  critical  crack  size  values  obtained  from
ltrasonic  velocity  measurement  through  the  length  of
efractory components

The critical crack length after some crack propagation has
ccurred (macrostructural crack initiation) is more complicated
o calculate from destructive testing, i.e. chevron notched speci-
en technique. It is not possible to calculate the crack size from

he initiation fracture toughness measured by chevron notch or
ther technique. The conditions are controlled by the local stress
ntensity factor corresponding to the applied load but affected
y local fracture mechanisms (in coarse grained microstructures
here is even the possibility of local mixed mode KI and KII

hen a crack is deflecting around the grain boundary). Hence
he macroscopical values of critical flaw size obtained from
FLT using ultrasonic velocity data through the length of the

efractory plates, cannot be validated by the chevron notched
pecimen technique results. However, the values obtained from
FLT (50.66 and 58 mm for AR002 and CONC materials,

espectively), are in good agreement with experimental data
f their life service behaviour,7 which state that CONC sam-

les, despite showing an early crack initiation, present a slower
rack propagation rate, as confirmed by the longer lifetime of
ONC refractory plates (higher macroscopic critical flaw size).
his fact is also indicated by the higher Hasselman’s parameter

r CONC and AR002 materials.

AR002

ue acrit (�m) Lowest value acrit (�m) Mean value acrit (�m)

119 155
18 75

461 544
86 291
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′′′′ calculated in a previous work,7 which characterizes crack
ropagation under thermal shock conditions.

.4.  Final  considerations

Assuming that the S-like curves of Fig. 1 or Fig. 2B are the
epresentation of the crack grow rate as function of initial length
f the most critical crack present in the as-received material in
ransversal direction, the following can be concluded:

(i) There is a good agreement between microscopical critical
flaw data obtained from fracture mechanics technique (ac)
and from CFLT using thickness ultrasonic velocity data
(λc). The lower ac and λc values of CONC material explain
the early crack initiation in this material.

(ii) The values of macroscopic critical flaw size (λc) obtained
by CFLT from measurement through the length are in
agreement with experimental industrial evidence and in situ
crack measurements.

iii) The higher values of macroscopical critical flaw size of
CONC material explain its better thermal shock behaviour;
despite showing an early cracking initiation this material
presents a lower crack propagation.

These statements indicate that single measurements of the
racture toughness in the initial state do not allow prediction
f the performance of refractory materials under thermal shock
onditions since this single value (KIC) does not give information
bout the R curve behaviour of the materials. On the contrary, the
etermination of the microscopical and macroscopical critical
aw sizes and the S-like curves by LPT method presented in

his paper allows to predict the behaviour of the materials. These
-like curves can be also confirmed by the similarity with earlier

heoretical models7 and could be related to the R curve behaviour
f the materials.

Thus the main finding of this investigation is that the S-like
urve, obtained by the LPT approach and based on a statisti-
ally significant number of samples, can be used to calculate the
ervice life of refractory materials: it could be possible to esti-
ate the future service life of a new component from ultrasonic

elocity measurements carried out in the as-fabricated state, with
bsolute errors ranging between 10% and 30%.

. Conclusions

In this work the capability of the ultrasonic velocity tech-
ique (UPVT) in conjunction with the Cumulative Flaw Length
heory (CFTL) for sensitive and reliable non-destructive char-
cterization of thermal shock damage in refractory materials has
een described. CFLT permits to determine flaw length distribu-
ion in ceramic materials to obtain the critical flaw size and hence
o predict the failure probability for an arbitrary stress knowing

he relevant failure statistics. This knowledge is fundamental
or assessing structural and/or high temperature applications
f ceramics. A new statistical method (LPT theory) was pro-
osed here that, based on the results obtained from CFLT for
n Ceramic Society 32 (2012) 1175–1186 1185

s-fabricated samples, allows to estimate the component life-
ime when the stress state applied in service and the scattering
f the measured ultrasonic velocity values are known.

The remarkable similarity between the S-like curves obtained
y the LPT approach, giving the correlation between ultra-
onic velocity values of samples in as-fabricated state (or crack
ength if CFLT is applied) and number of industrial thermal
ycles, and the functions proposed by Baratta, Green, Evans
nd Paris,18–22,24 describing normalized stress-intensity factor
s a function of the crack length to void radius ratio, suggests the
otential use of ultrasonic velocity as a convenient quantitative
ool for fracture mechanics studies. Moreover the values of crit-
cal flaw size obtained from this approach are in agreement with
hose obtained from the destructive test measurements (chevron
otch technique). This fact suggests the possibility to estimate
ailure probability, lifetime prediction and critical flaw length
rom a non-destructive characterization of the material based on
ltrasonic velocity measurement. This approach could be used
ot only in the stage of materials design and manufacture, but
lso to monitor the eventual increase of failure probability dur-
ng the materials subjected to service life (e.g. in the case of
efractory materials following thermal cycling).

cknowledgment

I.D. would like to acknowledge financial support pro-
ided by the Czech Science Foundation under projects number
01/09/1821. D. Boccaccini wishes to thank the technical staff
t the University of Modena and Reggio Emilia (Italy) for exper-
mental support.

eferences

1. Boccaccini DN, Maioli M, Cannio M, Romagnoli M, Veronesi P, Leonelli
C, et al. A statistical theory for the assessment of reliability in ceramic
materials from ultrasonic velocity measurement: Cumulative Flaw Length
Theory. Eng Fract Mech 2009;76(11):1750–9.

2. Damhof F, Brekelmans WAM, Geers MGD. Experimental analysis of the
evolution of thermal shock damage using transit time measurement of ultra-
sonic waves. J Eur Ceram Soc 2009;29(8):1309–22.

3. Posarac M, Dimitrijevic M, Volkov-Husovic T, Majstorovic J, Matovic B.
The ultrasonic and image analysis method for non-destructive quantifi-
cation of the thermal shock damage in refractory specimens. Mater Des
2009;30(8):3338–43.
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